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Abstract. In the present paper, we introduce Eulerian polynomials 
attached to \ by using p-adic q- integral on Z p . Also, we give new in- 
teresting identities via the generating functions of Dirichlet's type of 
Eulerian polynomials. After, by applying Mellin transformation to this 
generating function of Dirichlet's type of Eulerian polynomials, we de- 
rive L- function for Eulerian polynomials which interpolates of Dirichlet's 
type of Eulerian polynomials at negative integers. 
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1. Introduction 

Recently, Kim et al. have studied to Eulerian polynomials. They gave 
not only Witt's formula for Eulerian polynomials but also relations between 
Genocchi, Tangent and Euler numbers (for more details, see pQ). In arith- 
metic works of T. Kim have introduced many different generating functions 
of families of Bernoulli, Euler, Genocchi numbers and polynomials by using 
p-adic g-integral on Z p (see [1-5]). After, many mathematicians are moti- 
vated from his papers and introduced new generating function for special 
functions (for more information about this subject, see [16-28]). Y. Simsek 
also gave new q-twisted Euler numbers and polynomials and (h, (^-Bernoulli 
numbers and polynomials by using Kim's p-adic q- integral on Z p . He also 
derived some interesting properties in his works [26], [27], [28] . 

The p-adic g-integral on Z p was originally defined by Kim. He also inves- 
tigated that p-adic g-integral on Z p is related to non- Archimedean combina- 
torial analysis in mathematical physics. That is, the functional equation of 
the g-zeta function, the (/-Stirling numbers and g-Mahler theory and so on 
(for details, see[5], [6]). 

We firstly list some properties of familiar Eulerian polynomials for sequel 
of this paper as follows: 

As it is well-known, the Eulerian polynomials, A n (x) are given by means 
of the following generating function: 
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where A n (x) := A n (x) as symbolic. To find Eulerian polynomials, it has 
the following recurrence relation: 

(2) (A(t) + (t-l)) n -tA n {t) = { 1 - t i f ;= Q ° 

(for details, see [T]). 

Suppose that p be a fixed odd prime number. Throughout this paper, we 
use the following notations. By Z p , we denote the ring of p-adic rational 
integers, Q denotes the field of rational numbers, Q p denotes the field of 
p-adic rational numbers, and C p denotes the completion of algebraic closure 
of Q p . Let N be the set of natural numbers and N* = N U {0}. 

The p-adic absolute value is defined by 

- \ 

In this paper we assume \q — l\ p < 1 as an indeterminate. Let UD (Z p ) be 
the space of uniformly differentiable functions on Z p . For a positive integer 
d with (d,p) = 1, set 

X = X m = kmZ/dp m Z, 

fn 

X* = U a + dpZ„ 

0<a<dp 

(a,p) = l 

and 

a + dp mr L p = {x € X | x = a (mod dp m )} , 
where a € Z satisfies the condition < a < dp m . 

Firstly, for introducing fermionic p-adic (/-integral, we need some basic 
information which we state here. A measure on Z p with values in a p-adic 
Banach space B is a continuous linear map 



J Jin 



from C°(Z p ,Cp), (continuous function on Z p ) to B. We know that the 
set of locally constant functions from Z p to Q p is dense in C°(Z p ,C p ) so. 

Explicitly, for all / £ C°(Zp,Cp), the locally constant functions 

p m_l 

fn= ^2 /(*)!i+p m Z p -> / in C° 
i=0 

Now, set fj,(i + p m Z p ) = L lj +p m Zp ^. Then J z ffi, is given by the 
following Riemannian sum 

p m -i 

/ fH= lim V /(i)/i(i+p m Z p ) 
The following g-Haar measure is defined by Kim in [3] and [5]: 



V q (a + p m Z p )- 
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So, for / 6 UD(Z p ), the p-adic ^-integral on Z p is denned by Kim as 
follows: 

( 3 ) h (/) = / / fa) fa) = Mm i^r £ qVf iv) ■ 

The bosonic integral is considered as the bosonic limit q — >• 1, I\ (/) = 
limq-^i I q (/). In [TO], [11] and [12], similarly, thep-adic fermionic integration 
on 7L V defined by Kim as follows: 

(4) I- q (f)= lim I q (f) = / f(x)d»_ q (x). 

By @, we have the following well-known integral eguation: 

n-l 

(5) q n I. q (/„) + (-1)™- 1 (/) = [2], 53 ("I)"" 1 "' (0 

Here / n (x) := / (x + n). By (J^J), we have the following equalities: 
If n odd, then 

n-l 

(6) g"J_ g (/„) + J_ 9 (/) = [2} q ^ (-1)' g»/ (0 . 

1=0 

If n even, then we have 

n-l 

(7) I- q (/) - ? n I- 9 (/„) = [2} q 53 (-1)' q l f (I) . 

1=0 

Substituting n = 1 into ([U]), we readily see the following 

(8) (A) + /_,(/) = [2], /(0). 
Replacing q by q -1 in ([8|), we easily derive the following 

(9) /- ? - 1 (/l) + ^- 9 -i(/) = [2] g /(0). 

In pp, Kim ei a/, is considered f{x) = e~ x ^ 1+q ^ in ([9]), then they gave 
Witt's formula of Eulerian polynomials as follows: 

For n £ N*, 

(~l) r 
(l + 9) r 

Now also, we consider I— q -i (x ( x ) x ") i n the next section. We shall call 
as Dirichlet's type of Eulerian polynomials. After we shall give arithmetic 
properties for Dirichlet's type of Eulerian polynomials. 

2. On the Dirichlet's type of Eulerian polynomials 

Firstly, we consider the following equality by using (|6|) : For d odd natural 
numbers, 

(11) I f(x + d)dn_ q -,{x)+q d f f(x)dfJ,_ q -i(x) 

= [2], 53 (-i)Y-' +i /(o- 

0<Kd-l 



(10) I-g-i (x n ) = 7rv4\n Ai (~q) 
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Let x be a Dirichlet's character of conductor d, which is any multiple of p 
(=odd). Then, substituting f(x) = x (x) e~ x ( 1+q * )t in ([TT]) . then we compute 
as follows: 

X (x + d) e'^+^+^d^-i (x) + q d [ X (a?) e'^+^dfi^-i (x) 



[2} q (-l) l Q d - l+1 x(l)e 



-l(l+q)t 
0<Kd-l 



After some applications, we discover the following 
(12) 

d-l e ~l(l+q)t 



J X (x) e-^+iXdn^ (x) = [2} q ("I)' Q^X (Q -J 



d{l+q)t , 

1=0 ^ 

Let Tq{t I x) — X]^=o "^-n,x ( — l) W.' Then, we introduce the following 
definition of generating function of Dirichlet's type of Eulerian polynomials. 

Definition 1. For n £ N*, then we define the following: 

oo n d—1 

(13) £ HO ^ = [2], E ^' + ^ (0 -ji^ ' 

n=0 1=0 y 

By f)12[) and (|13p . we state the following theorem which is the Witt's 
formula for Dirichlet's type of Eulerian polynomials. 

Theorem 2.1. The following identity holds true: 

(14) (X (x) x") = 4^4 A )X (-9) • 



By using (|13j) . we discover the following applications: 

oo n d—1 i(l+^)t 

EAxHz)^ = [2] g E(-D'^ +1 x(o e -! (1+9)t+grf 



n=0 Z=0 

d-1 



«=0 m=0 

oo d—1 

« t 2 ]<? E E (-l) l+md X(l + md) q -{l+md) e -(l+md)(l+q)t 



m=0 1=0 

oo 

-m(l+q)t 



g[2] g ^(-irxHg-V 



m=0 

Thus, we get the following theorem. 
Theorem 2.2. TTte following 



(15) -F 9 (tU) = EAx(^)^ = [2] g E ( } X( )9 



n! ' o m_1 

n=0 m=0 ^ 



is true. 



By considering Taylor expansion of e - m ( 1+,? )* in (USD, we procure the 
following theorem. 
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Theorem 2.3. For n £ N, then we have 

/-i n\ (-!)" , / \ (-l) m x(m)m r 

(16) ^(TT^^ ( -' ) = £ ? 



From (|14p and (|16p . we easily derive the following corollary: 
Corollary 2.4. For n £ N, i/ien we procure the following 

r .vn i 

lim y (zlllxMg 2 y (-l) m x(m)m" 

m— >oc ' or 1 ' qm—2 

x=l m=l 

Now, we give distribution formula for Dirichlet's type of Eulerian poly- 
nomials by using p-adic (/-integral on Z p , as follows: 



dp m -l 



X{x)x n dfi^ q -i{x) = Jirn^y-— j ^ (-l) x X (x) x n q 

E (-1)° X («) q~° f lim 7— ^— (-1)" 



Thus, we state the following theorem. 

Theorem 2.5. The following identity holds true: 
(17) 

(-l) n cT 



1 Jz D v « 7 



From this, we notice that the above equation is related to g-Genocchi 
polynomials with weight zero, G n ^ q (x), and g-Euler polynomials with weight 
zero, E n „ (x), which is defined by Araci et al. and Kim and Choi in |25| and 
151 as follows: 



~ p m — i 

(18) Gn+1 ?l x) = lim E (* + »)" 9* 

n + 1 m->-oo p m 

u J y j/=0 

and 

(19) E n „(x)= [ (x + y) n d^_ q (y). 



By expressions of (fTT|) . (fTHj) and (fTUjh we easily discover the following 
corollary. 

Corollary 2.6. For n £ N*, £/ien we have 

d-l 



JTW^'X { ~ q) = (n + lH^ g ( " ir * q ~ ad ~»«-< Q 
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Moreover, 



( 1 \ n A n ^ 

5 ' A n A-q) = T , Y(-irx(a)q- a E n „-J" 



y a=0 

3. On the Eulerian-L function 

Our goal in this section is to introduce Eulerian-L function by apply- 
ing Mellin transformation to the generating function of Dirichlet's type of 
Eulerian polynomials. By (|15p . for s € C, we define the following 

1 r°° 

L E (s | x ) = — - / t 8 - 1 T g (t | x) dt 
1 \ s ) Jo 

where T (s) is the Euler Gamma function. It becomes as follows: 

l e {s\x) = ?[2] ? E (-irxH^lf^ fr^-" 1 ^) 

m=0 1 {S> J ° J 

9 _ y> H) ra iH 



(1 + g)*" 1 ^ 9 m m s 

v ^/ m=l 

So, we give definition of Eulerian L-function as follows: 



Definition 2. For s G C, i/ien we /iaue 
(20) L £ (s \ X ) 



\ ^ m=l 



m=l 

Substituting s = —n into (|16|) . then, relation between Eulerian L-function 
and Dirichlet's type of Eulerian polynomials are given by the following the- 
orem. 

Theorem 3.1. The following equality holds true: 

| -A, x (-^) if n odd 
\ -A-n,x \l) ¥ n even. 
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